The category of double fuzzy preproximity spaces  by Zahran, A.M. et al.
Computers and Mathematics with Applications 58 (2009) 1558–1572
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
The category of double fuzzy preproximity spaces
A.M. Zahran a, M. Azab Abd-Allah b, Kamal El-Saady c, A. Ghareeb c,∗
a Department of Mathematics, Faculty of Science, Al-Azhar University, Assuit, Egypt
b Department of Mathematics, Faculty of Science, Assuit University, Assuit, Egypt
c Department of Mathematics, Faculty of Science, South Valley University, Qena, Egypt
a r t i c l e i n f o
Article history:
Received 21 June 2008
Received in revised form 15 May 2009
Accepted 3 June 2009
Keywords:
Double fuzzy topology
Double neighborhood systems
Double fuzzy preproximity
Double fuzzy closure space
a b s t r a c t
In this paper, we introduce the notions of double neighborhood systems and double fuzzy
preproximity in double fuzzy topological spaces. We used double neighborhoods to study
the initial structure of double fuzzy topological spaces, and the joins between them and
the initial structures of double fuzzy preproximity spaces. Furthermore, we have proved
that the category of double fuzzy preproximity spaces is a topological category, and hence
a topological construct.
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1. Introduction
Chang [1] used fuzzy sets introduced previously by Zadeh [2] to define fuzzy topological spaces. This definition is not very
different from that of crisp topological spaces despite depending on fuzzy sets. Kubiak and Šostak [3,4] simultaneously and
independently introduced the fundamental concept of a fuzzy topological structure as an extension of both crisp topological
spaces and Chang fuzzy topological spaces.
Atanassove [5–7] introduced the intuitionistic fuzzy setwhich is a generalization of the fuzzy set. Çoker andhis colleagues
[8–10] introduced intuitionistic fuzzy topological spaces in Chang’s sense. Recently, Samanta andMondal [11,12] introduced
the notion of intuitionistic gradation of openness as a generalization of intuitionistic fuzzy topological spaces. Garcia and
Rodabaugh [13] proved that the term ‘‘intuitionistic’’ is unsuitable in mathematics and its applications. Their conclusion
was that one should work under the name ‘‘double’’. The notions studied under the name ‘‘intuitionistic’’ were given new
names. Double topology (resp. double fuzzy topology) replaced intuitionistic fuzzy topology in Chang’s sense (resp. the
Kubiak–Šostak sense). See [21].
In this paper we deal with the notion of L-fuzzy preproximity spaces introduced and studied by Kim et al. [14] (in the
case of L = [0, 1]). It is worth mentioning that this is not the first time of doing this (see [15]). The notions of double fuzzy
preproximity and double neighborhood system are introduced and their natures are analyzed. The special relationships
between the double neighborhood, double fuzzy topology and double fuzzy preproximity are revealed. We used them to
find the relationship between the initial double fuzzy topological spaces and the initial double fuzzy preproximity spaces.
Vakarelov [16] introduced a topological representation theorem for a connection based class of systems, using methods
and tools from the theory of proximity spaces. In addition of this, Naimpally [17] introduced a link between the proximity
relation and psychology. We think that applying double fuzzy preproximity relations would achieve better results in their
studies (see [18]).
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2. Preliminaries
Throughout this paper, let X be a non-empty set, I = [0, 1], I0 = (0, 1] and I1 = [0, 1). For α ∈ I , α(x) = α for all x ∈ X .
The family of all fuzzy sets on X is denoted by IX . A function f→ : IX → IY and its inverse f← : IY → IX are defined by
f→(λ)(y) = ∨f (x)=y λ(x) and f←(ν)(x) = ν(f (x)), ∀λ ∈ IX , ν ∈ IY and x ∈ X . Notions and notation not described in this
paper are standard and usual.
Definition 2.1 ([11]). Let X be a non-empty set. A double fuzzy topology (T , T ∗) on X is the functions T , T ∗ : IX → I ,
which satisfy the following properties:
(1) T (λ) ≤ T ∗(λ)′ for each λ ∈ IX .
(2) T (λ1 ∧ λ2) ≥ T (λ1) ∧ T (λ2) and T ∗(λ1 ∧ λ2) ≤ T ∗(λ1) ∨ T ∗(λ2) for each λ1, λ2 ∈ IX .
(3) T (
∨
i∈Γ λi) ≥
∧
i∈Γ T (λi), and T ∗(
∨
i∈Γ λi) ≤
∨
i∈Γ T ∗(λi) for each {λi|i ∈ Γ } ⊂ IX .
The triplet (X, T , T ∗) is said to be a double fuzzy topological space. Also, we call T (λ) a gradation of openness of λ and
T ∗(λ) a gradation of non-openness of λ. Let (X, T1, T ∗1) and (Y , T2, T ∗2) be two double fuzzy topological spaces. A function
f : X → Y is said to be double fuzzy continuous if
T1(f←(ν)) ≥ T2(ν) and T ∗1(f←(ν)) ≤ T ∗2(ν),
for each ν ∈ IY .
Definition 2.2 ([19]). A double fuzzy closure space is an ordered pair (X, C), where C: IX×I0×I1 → IX is a function satisfying
the following axioms:
(1) C( 0, r, s) = 0.
(2) λ ≤ C(λ, r, s).
(3) If λ1 ≤ λ2, then C(λ1, r, s) ≤ C(λ2, r, s).
(4) C(λ, r1, s1) ≤ C(λ, r2, s2) if r1 ≤ r2 and s1 ≥ s2.
(5) C(λ ∨ µ, r, s) = C(λ, r, s) ∨ C(µ, r, s).
A double fuzzy closure space is called topological provided that
C(C(λ, r, s), r, s) = C(λ, r, s)
for each λ ∈ IX , r ∈ I0 and s ∈ I1.
A continuous function between two double fuzzy closure spaces (X, C1) and (Y , C2) (DC-map, for short) is a function
f : X → Y such that for each λ ∈ IX , r ∈ I0 and s ∈ I1, f→(C1(λ, r, s)) ≤ C2(f→(λ), r, s).
Let C1 and C2 be two double fuzzy closure operators on X . We say that C1 is finer than C2 (or C2 is coarser than C1) iff
C2(λ, r, s) ≤ C1(λ, r, s) for each λ ∈ IX , r ∈ I0 and s ∈ I1.
Theorem 2.1 ([19]). Let (X, T , T ∗) be a double fuzzy topology. Then for each r ∈ I0, s ∈ I1 and λ ∈ IX , we define an operator
CT ,T ∗ : IX × I0 × I1 → IX as follows:
CT ,T ∗(λ, r, s) =
∧
{µ ∈ IX | λ ≤ µ, T (µ′) ≥ r, T ∗(µ′) ≤ s}.
Then, CT ,T ∗ is a double fuzzy closure operator.
Theorem 2.2 ([19]). Let (X, C) be a double fuzzy closure space. Define the functions TC , T ∗C : IX → I by
TC (λ) =
∨
{r ∈ I0 | C(λ′, r, s) = λ′},
T ∗C (λ) =
∧
{s ∈ I1 | C(λ′, r, s) = λ′}.
Then:
(1) (TC , T ∗C ) is a double fuzzy topology on X.
(2) We have C = CTC ,T ∗C iff (X, C) satisfies the following conditions:
(a) It is a topological double fuzzy closure space.
(b) If r1 =∨{r ∈ I0 | C(λ, r, s) = λ} and s1 =∧{s ∈ I1 | C(λ, r, s) = λ}, then C(λ, r1, s1) = λ.
Theorem 2.3 ([20]). Let {(Xk, Ck)}k∈K be a family of double fuzzy closure spaces, X a set and fk : X → Xk a function, for each
k ∈ K . For each λ ∈ IX , r ∈ I0 and s ∈ I1, define the function C : IX × I0 × I1 → IX on X by
C(λ, r, s) =
∧{ p∨
j=1
(∧
k∈K
f←k (Ck(f
→
k (λj), r, s))
)}
,
where the
∧
is taken over all finite families {λj | j = 1, 2, . . . , p} such that λ =∨pj=1 λj. Then:
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(1) C is the coarsest double fuzzy closure operator on X which for each k ∈ K, fk is a DC-map.
(2) If (Xk, Ck)k∈K is a family of topological double fuzzy closure spaces, then (X, C) is a topological double fuzzy closure space.
(3) A function f→ : (Y , C∗)→ (X, C) is a DC-map iff for each k ∈ K , f→k ◦ f→ : (Y , C∗)→ (Xk, Ck) is a DC-map.
Definition 2.3 ([15]). Let X be a non-empty set. A double fuzzy preproximity (δ, δ∗) on X is the maps δ, δ∗: IX × IX → I
which satisfy the following properties:
(DFP1) δ(λ, µ) ≥ δ∗(λ, µ)′ for each λ,µ ∈ IX .
(DFP2) If δ(λ, µ) 6= 1 and δ∗(λ, µ) 6= 0, this implies λ ≤ µ′.
(DFP3) If λ1 ≤ λ2, then δ(λ1, µ) ≤ δ(λ2, µ) and δ∗(λ1, µ) ≥ δ∗(λ2, µ).
(DFP4) δ(λ, µ1 ∨ µ2) ≤ δ(λ, µ1) ∨ δ(λ, µ2) and δ∗(λ, µ1 ∨ µ2) ≥ δ∗(λ, µ1) ∧ δ∗(λ, µ2).
The triplet (X, δ, δ∗) is said to be a double fuzzy preproximity space. Also, we call δ(λ, µ) a gradation of nearness and
δ∗(λ, µ) a gradation of non-nearness between λ and µ. A double fuzzy preproximity (δ, δ∗) is called a double fuzzy quasi-
proximity if it satisfies the condition:
(DFPQ)
δ(λ, µ) =
∧
γ∈IX
{δ(λ, γ ) ∨ δ(γ ′, µ)},
and
δ∗(λ, µ) =
∨
γ∈IX
{δ∗(λ, γ ) ∧ δ∗(γ ′, µ)}.
A double fuzzy quasi-proximity is called a double fuzzy proximity if the following condition is satisfied:
(DFP)δ(λ, µ) = δ(µ, λ) and δ∗(λ, µ) = δ∗(µ, λ) for each λ,µ ∈ IX .
Definition 2.4 ([15]). Let (X, δ1, δ∗1) and (Y , δ2, δ∗2) be two double fuzzy quasi-proximity spaces and f : X → Y a map.
Then f is called a double fuzzy proximally continuous if
δ1(λ, µ) ≤ δ2(f→(λ), f→(µ)) and δ∗1(λ, µ) ≥ δ∗2(f→(λ), f→(µ)),
for each λ,µ ∈ IX . Equivalently,
δ2(ν, γ ) ≥ δ1(f←(ν), f←(γ )) and δ∗2(ν, γ ) ≤ δ∗1(f←(ν), f←(γ )),
for each ν, γ ∈ IY .
Clearly one equips all double fuzzy preproximities on a setX with partial ordering by (δ1, δ∗1)which is finer than (δ2, δ∗2)
if the identity map of X is double fuzzy proximally continuous from (X, δ1, δ∗1) to (X, δ2, δ∗2), that is
δ1(λ, µ) ≤ δ2(λ, µ) and δ∗1(λ, µ) ≥ δ∗2(λ, µ) for each λ,µ ∈ IX .
Theorem 2.4 ([15]). Let (X, δ, δ∗) be a double fuzzy preproximity space. Define a map Cδ,δ∗ : IX × I0 × I1 → IX by
Cδ,δ∗(λ, r, s) =
∧
{ν ′ | δ(ν, λ) < r ′ and δ∗(ν, λ) > s′}.
Then we have the following properties:
(1) Cδ,δ∗( 0, r, s) = 0.
(2) λ ≤ Cδ,δ∗(λ, r, s).
(3) If λ1 ≤ λ2, then Cδ,δ∗(λ1, r, s) ≤ Cδ,δ∗(λ2, r, s).
(4) If r1 ≤ r2 and s1 ≥ s2, then Cδ∗,δ(λ, r1, s1) ≤ Cδ,δ∗(λ, r2, s2).
(5) Cδ,δ∗(λ ∨ µ, r, s) = Cδ,δ∗(λ, r, s) ∨ Cδ,δ∗(µ, r, s).
Theorem 2.5 ([15]). Let (X, δ, δ∗) be a double fuzzy preproximity space and Cδ,δ∗ be the double fuzzy closure operator induced
by (δ, δ∗). Define the maps TCδ,δ∗ , T
∗
Cδ,δ∗ : I
X → I by
TCδ,δ∗ (λ) =
∨
{r ∈ I0 | Cδ,δ∗(λ′, r, s) = λ′},
and
T ∗Cδ,δ∗ (λ) =
∧
{s ∈ I1 | Cδ,δ∗(λ′, r, s) = λ′}.
Then (TCδ,δ∗ , T
∗
Cδ,δ∗ ) is a double fuzzy topology on X.
Theorem 2.6 ([15]). Let (X, δ1, δ∗1) and (Y , δ2, δ∗2) be two double fuzzy preproximity spaces. If f→: (X, δ1, δ∗1) → (Y , δ2,
δ∗2) is a double fuzzy proximally continuous map, then:
(1) f→: (X, Cδ1,δ∗1)→ (Y , Cδ2,δ∗2) is a DC-map.
(2) Cδ1,δ∗1(f
←(ν), r, s) ≤ f←(Cδ2,δ∗2(ν, r, s)) for each ν ∈ IY .
(3) f→: (X, TCδ1,δ∗1 , T
∗
Cδ1,δ∗1 )→ (Y , TCδ2,δ∗2 , T ∗Cδ2,δ∗2 ) is double fuzzy continuous.
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3. Double neighborhood systems
Definition 3.1. A double neighborhood structure on X is a family of functions N,N∗ : IX × X → I with the following
conditions, for all x ∈ X and λ,µ ∈ IX :
(1) N(λ, x) ≤ N∗(λ, x)′.
(2) If N(λ, x) 6= 0,N∗(λ, x) 6= 1, then x ∈ supp(λ).
(3) If λ ≤ µ, then N(λ, x) ≤ N(µ, x) and N∗(λ, x) ≥ N∗(µ, x).
(4) N(λ ∧ µ, x) ≥ N(λ, x) ∧ N(µ, x) and N∗(λ ∧ µ, x) ≤ N∗(λ, x) ∨ N∗(µ, x).
The triplet (X,N,N∗) is called a double neighborhood space, and itwill be topological if it satisfiesmoreover the following
condition, for all x ∈ X , λ,µ ∈ IX :
(5)
N(λ, x) ≤
∨{
N(µ, x) ∧
( ∧
y∈supp(µ)
N(µ, y)
)
: µ ≤ λ
}
,
and
N∗(λ, x) ≥
∧{
N∗(µ, x) ∨
( ∨
y∈supp(µ)
N∗(µ, y)
)
: µ ≤ λ
}
.
A continuous function between two double neighborhood spaces (X,N,N∗) and (Y , P, P∗) is a function f→ : (X,N,N∗)→
(Y , P, P∗) that satisfies the condition
P(ν, f (x)) ≤ N(f←(ν), x) and P∗(ν, f (x)) ≥ N∗(f←(ν), x),
for all x ∈ X and ν ∈ IY .
If (T , T ∗) is a double fuzzy topology on X , let (NT ,NT ∗) be defined as follows:
NT (λ, x) =
{∨{T (µ)|µ ≤ λ, x ∈ supp(λ), T (µ) > 0},
0 otherwise.
NT
∗
(λ, x) =
{∧{T ∗(µ)|µ ≤ λ, x ∈ supp(λ), T ∗(µ) < 1},
1 otherwise.
Then we have the following theorem:
Theorem 3.1. Let (X,N,N∗) be a double neighborhood space. We define the mappings TN , TN∗ : IX → I by
TN(λ) =

∧
x∈supp(λ)
N(λ, x) if λ 6= 0,
1 otherwise.
TN∗(λ) =

∨
x∈supp(λ)
N∗(λ, x) if λ 6= 0,
0 otherwise.
Then:
(1) (TN , TN∗) is a double fuzzy topology on X.
(2) If (X,N,N∗) is a topological double neighborhood space, then (N,N∗) = (NTN ,NTN∗ ).
Proof. (1): The proof of (1) is trivial from the definition of TN , TN∗ . We only prove (2) and (3).
(2) For TN , we have
TN(λ ∧ µ) =
∧
x∈supp(λ∧µ)
N(λ ∧ µ, x) ≥
∧
x∈supp(λ∧µ)
N(λ, x) ∧ N(µ, x)
≥
∧
x∈supp(λ∧µ)
N(λ, x) ∧
( ∧
x∈supp(λ∧µ)
N(µ, x)
)
≥
∧
x∈supp(λ)
N(λ, x) ∧
( ∧
x∈supp(µ)
N(µ, x)
)
= TN(λ) ∧ TN(µ).
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For TN∗ , we have
TN∗(λ ∧ µ) =
∨
x∈supp(λ∧µ)
N∗(λ ∧ µ, x) ≤
∨
x∈supp(λ∧µ)
N∗(λ, x) ∨ N∗(µ, x)
≤
∨
x∈supp(λ∧µ)
N∗(λ, x) ∨
( ∨
x∈supp(λ∧µ)
N∗(µ, x)
)
≤
∨
x∈supp(λ)
N∗(λ, x) ∨
( ∨
x∈supp(µ)
N∗(µ, x)
)
= TN∗(λ) ∨ TN∗(µ).
(3) Let {λi|i ∈ J} ⊂ IX . If∨i∈J λi = 0, then it is obvious that
TN
(∨
i∈J
λi
)
= 1 ≥
∧
i∈J
TN(λi) and TN∗
(∨
i∈J
λi
)
= 0 ≤
∨
i∈J
TN∗(λi).
If
∨
i∈J λi 6= 0, then there exists x ∈ supp(
∨
i∈J λi) for which there exists k ∈ J such that x ∈ supp(λk). Thus,
N
(∨
i∈J
λi, x
)
≥ N(λk, x) ≥
∧
x∈supp(λk)
N(λk, x) = TN(λk),
and
N∗
(∨
i∈J
λi, x
)
≤ N∗(λk, x) ≤
∨
x∈supp(λk)
N∗(λk, x) = TN∗(λk).
Hence
TN
(∨
i∈J
λi
)
=
∧
x∈supp
(∨
i∈J
λi
)N
(∨
i∈J
λi, x
)
≥
∧
i∈J
TN(λi)
and
TN∗
(∨
i∈J
λi
)
=
∨
x∈supp
(∨
i∈J
λi
)N∗
(∨
i∈J
λi, x
)
≤
∨
i∈J
TN∗(λi).
Hence (TN , TN∗) is a double fuzzy topology on X .
(2): Let (N,N∗) be a double neighborhood space on X . We have
NTN (λ, x) =
∨
{TN(µ)|x ∈ supp(µ), µ ≤ λ}
=
∨{ ∧
x∈supp(µ)
N(µ, x)|x ∈ supp(µ), µ ≤ λ
}
≤ N(λ, x),
N∗TN∗ (λ, x) =
∧
{TN∗(µ)|x ∈ supp(µ), µ ≤ λ}
=
∧{ ∨
x∈supp(µ)
N∗(µ, x)|x ∈ supp(µ), µ ≤ λ
}
≥ N∗(λ, x).
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Conversely, by (5) of Definition 3.1,
N(λ, x) ≤
∨{
N(µ, x) ∧
( ∧
y∈supp(µ)
N(µ, y)
)
|µ ≤ λ
}
≤
∨{ ∧
y∈supp(µ)
N(µ, y), µ ≤ λ
}
=
∨
{TN(µ)|x ∈ supp(µ), µ ≤ λ}
= NTN (λ, x),
N∗(λ, x) ≥
∧{
N∗(µ, x) ∨
( ∨
y∈supp(µ)
N∗(µ, y)
)
|µ ≤ λ
}
≥
∧{ ∨
y∈supp(µ)
N∗(µ, y), µ ≤ λ
}
=
∧
{TN∗(µ)|x ∈ supp(µ), µ ≤ λ}
= N∗TN∗ (λ, x). 
Theorem 3.2. Let (X, T , T ∗) be a double fuzzy topological space. Then TNT (λ) ≥ T (λ) and TNT ∗ (λ) ≤ T ∗(λ), for each λ ∈ IX .
Proof. If T (λ) = 0, T ∗(λ) = 1 or λ = 0, it is trivial.
If T (λ) 6= 0, T ∗(λ) 6= 1, then there exists x ∈ X such that
NT (λ, x) ≥ T (λ) and NT ∗(λ, x) ≤ T ∗(λ).
This implies
TNT (λ) =
∧
x∈supp(λ)
NT (λ, x) ≥ T (λ)
and
TNT ∗ (λ) =
∨
x∈supp(λ)
NT
∗
(λ, x) ≤ T ∗(λ). 
Theorem 3.3. Let (X, T1, T ∗1) and (Y , T2, T ∗2) be two double fuzzy topological spaces. The function f→ : (X, T1, T ∗1) →
(Y , T2, T ∗2) is double fuzzy continuous iff f→ : (X,NT1 ,NT ∗1)→ (Y ,NT2 ,NT ∗2) is continuous.
Proof. For any x ∈ X and ν ∈ IY , we have
NT2(ν, f (x)) =
∨
{T2(γ )|f (x) ∈ supp(ν), γ ≤ ν}
≤
∨
{T1(f←(γ ))|x ∈ supp(f←(γ )), f←(γ ) ≤ f←(ν)}
≤ NT1(f←(ν), x),
and
NT
∗
2(ν, f (x)) =
∧
{T ∗2(γ )|f (x) ∈ supp(ν), γ ≤ ν}
≥
∧
{T ∗1(f←(γ ))|x ∈ supp(f←(γ )), f←(γ ) ≤ f←(ν)}
≥ NT ∗1(f←(ν), x).
Conversely, assume that f→ is continuous; then
T1(f←(ν)) =
∧
x∈supp(f←(ν))
N1(f←(ν), x)
≥
∧
x∈supp(f←(ν))
N2(ν, f (x))
≥
∧
y∈supp(ν)
N2(ν, y) = T2(ν),
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and
T ∗1(f←(ν)) =
∨
x∈supp(f←(ν))
N∗1 (f
←(ν), x)
≤
∨
x∈supp(f←(ν))
N∗2 (ν, f (x))
≤
∨
y∈supp(ν)
N∗2 (ν, y) = T ∗2(ν). 
The next theorem introduces another double fuzzy topology derived from double neighborhood spaces:
Theorem 3.4. Let (X,N,N∗) be a double neighborhood space. We define TN , TN∗ : IX → I by
TN(λ) =
{1 if λ = 0,
1 if N(λ, x) 6= 0 for each x ∈ supp(λ),
0 otherwise.
TN∗(λ) =
{0 if λ = 1,
0 if N∗(λ, x) 6= 1 for each x ∈ supp(λ),
1 otherwise.
Then (TN , TN∗) is a double fuzzy topology on X.
Proof. Straightforward.
The following two theorems give the connection between double fuzzy preproximity and double neighborhood systems.
Theorem 3.5. Let (X, δ, δ∗) be a double fuzzy preproximity space. Define the functions Nδ , Nδ∗ : IX × X → I as follows:
Nδ(λ, x) = δ(1x, λ′)′ and Nδ∗(λ, x) = δ∗(1x, λ′)′.
Then (Nδ,Nδ∗) is a double neighborhood system, for each λ ∈ IX , x ∈ X, and 1x(y) = 1 if y = x and 1x(y) = 0 otherwise.
Proof. Straightforward. 
Theorem 3.6. Let (N,N∗) be a double neighborhood system on X. Define the functions δN , δN∗ : IX × IX → IX by
δN(λ, µ) =

∧{ ∨
x∈Supp(γ )
N(γ , x)′| γ ∈ Φλ,µ
}
, if Φλ,µ 6= φ;
1, if Φλ,µ = φ
and
δN∗(λ, µ) =

∨{ ∧
x∈Supp(γ )
N∗(γ , x)′|γ ∈ Φλ,µ
}
, if Φλ,µ 6= φ;
0, if Φλ,µ = φ.
Such that Φλ,µ = {γ ∈ IX |λ ≤ γ ≤ µ′}. Then (δN , δN∗) is a double fuzzy preproximity on X.
Proof. Straightforward. 
4. Initial double fuzzy topological spaces
Let X be a set, (Y , T , T ∗) be a double fuzzy topological space and f : X → Y be a function. For x ∈ X , λ ∈ IX . Define
f −1(N)(λ, x) = N(f→(λ′)′, f (x)), f −1(N∗)(λ, x) = N∗(f→(λ′)′, f (x)).
Lemma 4.1. Let X, Y be as above. Then
f −1(N)(λ, x) = max{N(µ, f (x))|f←(µ) ≤ λ},
f −1(N∗)(λ, x) = min{N∗(µ, f (x))|f←(µ) ≤ λ}.
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Proof. Let
r = max{N(µ, f (x))|f←(µ) ≤ λ}
and
s = min{N∗(µ, f (x))|f←(µ) ≤ λ}.
Taking µ = f→(λ′)′, we have that f←(µ) ≤ λ and so f −1(N)(λ, x) = N(µ, f (x)) ≤ r and f −1(N∗)(λ, x) = N∗(µ, f (x)) ≥ s.
On the other hand if f←(µ) ≤ λ, then λ′ ≤ f←(µ′) and µ ≤ f→(λ′)′, which implies that f −1(N)(λ, x) ≥ N(µ, f (x)) and
f −1(N∗)(λ, x) ≤ N∗(µ, f (x)). Hence
f −1(N)(λ, x) ≥ r, f −1(N∗)(λ, x) ≤ s
and the result follows. 
By the above and Theorem 3.1, there exists a unique double fuzzy topology (f −1(T ), f −1(T ∗)) on X . Thus
f −1(T )(λ) =

∧
x∈supp(λ)
f −1(N)(λ, x) if λ 6= 0,
1 otherwise
f −1(T ∗)(λ) =

∨
x∈supp(λ)
f −1(N∗)(λ, x) if λ 6= 0,
0 otherwise.
Theorem 4.1. Let X, (Y , T , T ∗) and f be as above. Then:
(1) (f −1(T ), f −1(T ∗)) is the weakest double fuzzy topology on X for which f→ is double fuzzy continuous.
(2) For ν ∈ IY , we have f −1(T )(f←(ν)) ≥ T (ν), f −1(T ∗)(f←(ν)) ≤ T ∗(ν).
(3) If f→ is onto, then f −1(T )(f←(ν)) = T (ν), f −1(T ∗)(f←(ν)) = T ∗(ν).
(4) If (Z, T1, T ∗1) is a double fuzzy topological space and g→ : (Z, T1, T ∗1)→ (X, f −1(T ), f −1(T ∗)), then g→ is double fuzzy
continuous iff the composition f→ ◦ g→ is double fuzzy continuous.
Proof. (1) For ν ∈ IY and x ∈ X we have
N(f←(ν), x) ≥ N(ν, f (x)), N∗(f←(ν), x) ≤ N∗(ν, f (x))
and hence f→ is double fuzzy continuous. On the other hand, let (T ?, T ∗?) be a double fuzzy topology on X with respect to
which f→ is double fuzzy continuous and let λ ∈ IX . If ν = f→(λ′)′, then f←(ν) ≤ λ and so
NT
?
(λ, x) ≥ NT ?(f←(ν), x) ≥ NT (ν, f (x)) = N f−1(T )(λ, x),
NT
∗?
(λ, x) ≤ NT ∗?(f←(ν), x) ≤ NT ∗(ν, f (x)) = N f−1(T ∗)(λ, x).
This implies that (T ?, T ∗?) is finer than (f −1(T ), f −1(T ∗)).
(2) It follows from Theorem 3.3 since f→ is ((f −1(T ), f −1(T ∗)), (T , T ∗))-double continuous.
(3) Assume that f→ is onto and let ν ∈ IY . Ifλ = f←(ν), thenλ′ = f←(ν ′) and f→(λ′) = ν ′. Thus f→(λ′)′ = ν. If y ∈ supp(ν),
then there exists x ∈ supp(λ) with f (x) = y and N(ν, y) = f −1(N)(λ, x) ≥ f −1(T )(λ) and N∗(ν, y) = f −1(N∗)(λ, x) ≤
f −1(T ∗)(λ). This proves that
T (ν) =
∧
y∈supp(ν)
N(ν, y) ≥ f −1(T )(λ),
T ∗(ν) =
∨
y∈supp(ν)
N∗(ν, y) ≤ f −1(T ∗)(λ).
(4) If g→ is double fuzzy continuous, then the composition f→ ◦ g→ is double fuzzy continuous. On the other hand, assume
that f→ ◦ g→ is double fuzzy continuous and let λ ∈ IX . Then there exists ν ∈ IY with f←(ν) ≤ λ such that
N f
−1(T )(λ, g(x)) = NT (ν, f ◦ g(x)) ≤ NT1((f ◦ g)←(ν), x)
= NT1(g←(f←(ν)), x) ≤ NT1(g←(λ), x)
and
N f
−1(T ∗)(λ, g(x)) = NT ∗(ν, f ◦ g(x)) ≥ NT ∗1((f ◦ g)←(ν), x)
= NT ∗1(g←(f←(ν)), x) ≥ NT ∗1(g←(λ), x).
This proves that g→ is double continuous. 
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Theorem 4.2. Let X be a set, (N,N∗) be a double neighborhood system defined on the family {Xk|k ∈ K} and, for each k ∈ K ,
fk : X → Xk be a function. For each x ∈ X, λ ∈ IX and λk ∈ IXk . Define
f −1(N)(λ, x) =
∨{∧
k∈J
N(λk, fk(x))|λk ∈ IXk ,
∧
k∈J
f←k (λk) ≤ λ
}
,
f −1(N∗)(λ, x) =
∧{∨
k∈J
N∗(λk, fk(x))|λk ∈ IXK ,
∧
k∈J
f←k (λk) ≤ λ
}
where J is finite subset of K ; then (f −1(N), f −1(N∗)) is a double neighborhood.
Proof. Straightforward. 
In view of Theorem 3.1, there exists a unique double fuzzy topology (T , T ∗) such that f −1(N)(λ, x) = NT (λ, x),
f −1(N∗)(λ, x) = NT ∗(λ, x) for all x ∈ X and λ ∈ IX .
Theorem 4.3. Let X be a set, {(Xk, Tk, T ∗k)}k∈K be a family of double fuzzy topological spaces and fk : X → Xk be a function.
Then:
(1) (T , T ∗) = (∨k∈K f −1k (Tk),∧k∈K f −1k (T ∗k)).
(2) (T , T ∗) is the weakest double topology on X for which f→k is double fuzzy continuous.
(3) If (Z, T1, T ∗1) is a double fuzzy topological space and g→ : (Z, T1, T ∗1)→ (X, T , T ∗) a function, then g→ is double fuzzy
continuous iff each composition f→k ◦ g→, k ∈ K, is double fuzzy continuous.
Proof. (1) For x ∈ X and λk ∈ IXk , we have that f −1(N)(f←k (λk), x) ≥ N(λk, fk(x)) and f −1(N∗)(f←k (λk), x) ≤ N∗(λk, fk(x))
and so ((T , T ∗), (f −1(Tk), f −1(T ∗k)))-double fuzzy continuous. Thus T ≥ f −1(Tk) and T ∗ ≤ f −1(T ∗k) for all k ∈ K and
hence
T ≥
∨
k∈K
f −1(Tk) = f −1(T0)
and
T ∗ ≤
∧
k∈K
f −1(T ∗k) = f −1(T ∗0).
On the other hand, let us have x ∈ X , λ ∈ IX , J a finite subset of K and λk ∈ IXk such that∧k∈J f←k (λk) ≤ λ. Then
N f
−1(T0)(λ, x) ≥ N f−1(T0)
(∧
k∈J
f←k (λk), x
)
≥
∧
k∈J
N f
−1(T0)(f←k (λk), x)
≥
∧
k∈J
NTk(λk, fk(x)),
N f
−1(T ∗0)(λ, x) ≤ N f−1(T ∗0)
(∧
k∈J
f←k (λk), x
)
≤
∨
k∈J
N f
−1(T ∗0)(f←k (λk), x)
≤
∨
k∈J
NT
∗
k(λk, fk(x)).
This proves that N f
−1(T0)(λ, x) ≥ NT (λ, x), N f−1(T ∗0)(λ, x) ≤ NT ∗(λ, x) and hence f −1(T0) ≥ T , f −1(T ∗0) ≤ T ∗ and
this completes the proof.
(2) Since f→k is ((f −1(Tk), f −1(T ∗k)), (Tk, T ∗k))-double fuzzy continuous and since T ≥ f −1k (Tk), T ∗ ≤ f −1k (T ∗k), it follows
that f→k is ((T , T ∗), (Tk, T ∗k))-double fuzzy continuous. On the other hand, let (T ?, T ∗
?) be a double fuzzy topology on
X such that each f→k is ((T ?, T ∗
?), (Tk, T
∗
k))-double fuzzy continuous. Then T ? ≥ f −1k (Tk), T ∗? ≤ f −1k (T ∗k) for all k, and
hence T ? ≥ T and T ∗? ≤ T ∗.
(3) The condition is clearly necessary. On the other hand, assume that each f→k ◦ g→ is double fuzzy continuous and let us
have z ∈ Z andλ ∈ IX .We need to show thatNT1(g←(λ), x) ≥ NT (λ, g(x)) andNT ∗1(g←(λ), x) ≤ NT ∗(λ, g(x)). So, assume
that NT (λ, g(z)) > r and NT
∗
(λ, g(z)) < s. Then there exist a finite subset J of K and λk ∈ IXk such that∧k∈J f←k (λk) ≤ λ,
N(λk, fk ◦ g(z)) > r and N∗(λk, fk ◦ g(z)) < s for each k ∈ J . If µ =∧k∈J f←k (λk), then g←(µ) ≤ g←(λ). Thus
NT1(g←(λ), z) ≥ NT1(g←(µ), z) ≥
∧
k∈J
NT1((fk ◦ g)←(λk), z)
≥
∧
k∈j
N(λk, fk ◦ g(z)) > r,
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NT
∗
1(g←(λ), z) ≤ NT ∗1(g←(µ), z) ≤
∨
k∈J
NT
∗
1((fk ◦ g)←(λk), z)
≤
∨
k∈j
N(λk, fk ◦ g(z)) < s.
This proves that NT1(g←(λ), z) ≥ NT (λ, g(z)) and NT ∗1(g←(λ), z) ≤ NT ∗(λ, g(z)). Hence g→ is double fuzzy
continuous. 
Corollary 4.4. Let us have {(Tk, T ∗k)}k∈K a family of double fuzzy topologies on X, (T , T ∗) = (∨k∈K f −1k (Tk),∧k∈K f −1k (T ∗k)),
x ∈ X and λ ∈ IX . Then,
NT (λ, x) =
∨{∧
k∈J
NTk(λk, x)|λk ∈ IXk ,
∧
k∈J
λk ≤ λ
}
,
NT
∗
(λ, x) =
∧{∨
k∈J
NT
∗
k(λk, x)|λk ∈ IXk ,
∧
k∈J
λk ≤ λ
}
where J ⊂ K finite subset.
Definition 4.1. Let {(Xk, Tk, T ∗k)}k∈K be a family of double fuzzy topological spaces, X = ⊗k∈K Xk and pik : X → Xk be the
kth projection. A double product fuzzy topology (⊗T ,⊗T ∗) on X is the weakest double fuzzy topology on X for which each
pik is double fuzzy continuous.
By Theorem 4.3, we have the following:
Theorem 4.5. Let Xk, X , pik and k ∈ K be as in the preceding definition. Then:
(1) If (T , T ∗) = (⊗k∈K Tk,⊗k∈K T ∗k), then
(T , T ∗) =
(∨
k∈K
pi−1k (Tk),
∧
k∈K
pi−1k (T
∗
k)
)
.
(2) For each x ∈ X and λ ∈ IX , we have
NT (λ, x) =
∨{∧
k∈J
NTk(λk, x)|λk ∈ IXk ,
∧
k∈J
pi←k (λk) ≤ λ
}
,
NT
∗
(λ, x) =
∧{∨
k∈J
NT
∗
k(λk, x)|λk ∈ IXk ,
∧
k∈J
pi←k (λk) ≤ λ
}
where J ⊂ K, a finite subset.
(3) If (Y , T1, T ∗1) is a double fuzzy topological space, then the function g : Y → X is double fuzzy continuous iff the composition
pi→k ◦ g→ is double fuzzy continuous for each k ∈ K .
5. Initial double fuzzy preproximity
Proposition 5.1. Let f : X → Y be a function and (δ, δ∗) be a double fuzzy quasi-proximity on Y . Define f −1(δ), f −1(δ∗) :
IX × IX → I by
f −1(δ)(λ, µ) = δ(f→(λ), f→(µ)), f −1(δ∗)(λ, µ) = δ∗(f→(λ), f→(µ)).
Then (f −1(δ), f −1(δ∗)) is a double fuzzy quasi-proximity on X.
Proof. Since the rest follows easily, we will only prove that (f −1(δ), f −1(δ∗)) satisfies (DFPQ):
(DFPQ) If
f −1(δ)(λ, γ ) ∨ f −1(δ)(γ ′, µ) ≤ r ≤ 1
and
f −1(δ∗)(λ, γ ) ∧ f −1(δ∗)(γ ′, µ) ≥ s ≥ 0
then λ ≤ γ ′ and so
f −1(δ)(λ, µ) ≤ f −1(δ)(γ ′, µ) ≤ r, f −1(δ∗)(λ, µ) ≥ f −1(δ∗)(γ ′, µ) ≥ s.
1568 A.M. Zahran et al. / Computers and Mathematics with Applications 58 (2009) 1558–1572
On the other hand, let f −1(δ)(λ, µ) ≤ r < 1, f −1(δ∗)(λ, µ) ≥ s > 0. There exists ν ∈ IY such that
f −1(δ)(f→(λ), ν) ∨ f −1(δ)(ν ′, f→(µ)) ≤ r, f −1(δ∗)(f→(λ), ν) ∧ f −1(δ∗)(ν ′, f→(µ)) ≥ s.
If γ = f←(ν), then f→(γ ) ≤ ν and f→(γ ′) ≤ ν ′. Thus
f −1(δ)(λ, γ ) = δ(f→(λ), f→(γ )) ≤ r, f −1(δ∗)(λ, γ ) = δ∗(f→(λ), f→(γ )) ≥ s
and
f −1(δ)(γ ′, µ) = δ(f→(γ ′), f→(µ)) ≤ r, f −1(δ∗)(γ ′, µ) = δ∗(f→(γ ′), f→(µ)) ≥ s,
which implies that (f −1(δ), f −1(δ∗)) satisfies (DFPQ). 
Theorem 5.1. Let f : X → Y be a function and let (δ, δ∗) be a double fuzzy quasi-proximity on Y . Then:
(1) (f −1(δ), f −1(δ∗)) is the weakest double fuzzy quasi-proximity on X for which f is double fuzzy proximally continuous.
(2) If (δ, δ∗) is a double fuzzy proximity, so is (f −1(δ), f −1(δ∗)).
(3) If (Z, δ1, δ∗1) is a double fuzzy quasi-proximity space and g→ : (Z, δ1, δ∗1)→ (X, f −1(δ), f −1(δ∗)) a function, then g→ is
double fuzzy proximally continuous iff the composition f→ ◦ g→ is double fuzzy proximally continuous.
(4) (Tf−1(δ), Tf−1(δ∗)) = (f −1(Tδ), f −1(Tδ∗)).
Proof. (1) and (2) are direct consequences of the definitions.
(3) The condition is necessary, since the composition of two double fuzzy proximally continuous functions is double fuzzy
proximally continuous. Suppose that the condition is satisfied. Then
δ1(λ, µ) ≤ δ(f→ ◦ g→(λ), f→ ◦ g→(µ)) = f −1(δ)(g→(λ), g→(µ)),
δ∗1(λ, µ) ≥ δ∗(f→ ◦ g→(λ), f→ ◦ g→(µ)) = f −1(δ∗)(g→(λ), g→(µ)).
Thus g→ is double fuzzy proximally continuous.
(4) Let (T1, T ∗1) = (Tf−1(δ), Tf−1(δ∗)). Then
NT1(λ, x) = f −1(δ)(1x, λ′)′ = δ(1f (x), f→(λ′))′,
and
NT
∗
1(λ, x) = f −1(δ∗)(1x, λ′)′ = δ∗(1f (x), f→(λ′))′.
Also
N f
−1(Tδ)(λ, x) = NTδ (f→(λ′)′, f (x)) = δ(1f (x), f→(λ′))′ = NT1(λ, x),
N f
−1(Tδ∗ )(λ, x) = NTδ∗ (f→(λ′)′, f (x)) = δ∗(1f (x), f→(λ′))′ = NT ∗1(λ, x).
Thus (f −1(Tδ), f −1(Tδ∗)) = (T1, T ∗1). 
Theorem 5.2. Let {(Xk, δk, δ∗k)}k∈K be a family of double fuzzy quasi-proximity spaces, X a set and, for each k ∈ K, fk : X → Xk
a function. Define δ, δ∗ : IX × IX → I by
δ(λ, µ) =
∧{∨
i,j
∧
k∈K
δk(f→k (λi), f
→
k (µj))
}
,
δ∗(λ, µ) =
∨{∧
i,j
∨
k∈K
δ∗k(f→k (λi), f
→
k (µj))
}
.
Here the infimum is taken over the family of all finite collections (λi), (µj) of fuzzy subsets of X with λ = ∨ni=1 λi, µ =∨m
j=1 µj. Then:
(1) (δ, δ∗) is a double fuzzy quasi-proximity on X.
(2) Every fk is
(
(δ, δ∗), (δk, δ∗k)
)
-double fuzzy proximally continuous and (δ, δ∗) is the weakest of all double fuzzy quasi-
proximities (f −1(δ), f −1(δ∗)) on X for which each f→k is
(
(f −1(δ), f −1(δ∗)), (δk, δ∗k)
)
-double fuzzy proximally continuous.
(3) A mapping f→, from a double fuzzy quasi-proximity space (Y , δ1, δ∗1) to (X, δ, δ∗) is double fuzzy proximally continuous iff
each composition f→k ◦ f→ is double fuzzy proximally continuous.
(4) (Tδ, Tδ∗) coincides with the weakest double fuzzy topology (T , T ∗) on X for which each f→k is
(
(T , T ∗), (Tδk , Tδ∗k)
)
-fuzzy
continuous.
(5) If each (δk, δ∗k) is a double fuzzy proximity, so is (δ, δ∗).
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Proof. (1) The proofs of (DFP1) and (DFP2) are trivial. We will only prove (DFP3), (DFP4) and (DFPQ):
(DFP3) Assume that δ(λ, µ) < r, δ∗(λ, µ) > s. There are fuzzy subsets λ1, λ2, . . . , λn, µ1, µ2, . . . ., µm with λ = ∨ni=1 λi,
µ =∨mj=1 µj, and for each pair (i, j) there exists k = k(i, j) ∈ K with δk(f→k (λi), f→k (µj)) < r, δ∗k(f→k (λi), f→k (µj)) > s. Let
λ∗ ≤ λ, µ∗ ≤ µ. Set λ∗i = λi ∧ λ∗, µ∗i = µi ∧ µ∗. Then λ∗ =
∨n
i=1 λ
∗
i , µ
∗ = ∨mj=1 µ∗j and for each pair (i, j) there exists
k = k(i, j) such that
δk(f→k (λ
∗
i ), f
→
k (µ
∗
j )) ≤ δk(f→k (λi), f→k (µj)) ≤ r,
δ∗k(f→k (λ
∗
i ), f
→
k (µ
∗
j )) ≥ δ∗k(f→k (λi), f→k (µj)) ≥ s
and so δ(λ∗, µ∗) ≤ r , δ∗(λ∗, µ∗) ≥ s. This proves that δ(λ∗, µ∗) ≤ δ(λ, µ) and δ∗(λ∗, µ∗) ≥ δ∗(λ, µ).
(DFP4) Can be proved in analogous way to (DFP3).
(DFPQ) Assume that δ(λ, µ) < r , δ∗(λ, µ) > s. There are fuzzy subsets λ1, λ2, . . . , λn, µ1, µ2, . . . ., µm; λ = ∨ni=1 λi, µ =∨m
j=1 µj such that, for each pair (i, j), there exists k = k(i, j) such that δk(f→k (λi), f→k (µj)) < r and δ∗k(f→k (λi), f→k (µj)) > s.
Nowgiven thepair (i, j) and k = k(i, j), there exists a fuzzy subsetγij ofXk such that δk(f→k (λi), γij) < r , δ∗k(f→k (λi), γij) >
s and δk(γ ′ij, f
→
k (µj)) < r , δ
∗
k(γ
′
ij, f
→
k (µj)) > s.
Let ζij = f←k (γij). Set γ =
∨m
j=1
∧n
l=1 ζlj. For each pair (i, j) and k = k(i, j), we have that
δk
(
f→k (λi), f
→
k
(
n∧
l=1
ζlj
))
≤ δk(f→k (λi), f→k (ζij)) < r,
δ∗k
(
f→k (λi), f
→
k
(
n∧
l=1
ζlj
))
≥ δ∗k(f→k (λi), f→k (ζij)) > s
and hence δ(λ, γ ) < r , δ∗(λ, γ ) > s. Also γ ′ = ∧mj=1(∨nl=1 ζ ′lj). Let ηj = ∨nl=1 ζ ′lj. We have δ(γ ′, µj) ≤ δ(ηj, µj), δ∗(γ ′, µj)
≥ δ∗(ηj, µj). For each pair (i, j) and k = k(i, j), we have δ(f→k (ζ ′ij), f→k (µj)) < r , δ∗(f→k (ζ ′ij), f→k (µj)) > s and hence
δ(ηj, µj) ≤ r , δ∗(ηj, µj) ≥ s. Thus δ(γ ′, µj) ≤ r , δ∗(γ ′, µj) ≥ s for all j, which implies that δ(γ ′, µ) ≤ ∨ δ(γ ′, µj) ≤ r and
δ∗(γ ′, µ) ≥∨ δ∗(γ ′, µj) ≥ s. Thus (δ, δ∗) satisfies (DFPQ) and therefore it is a double fuzzy quasi-proximity.
(2) Since δ(λ, µ) ≤ δk(f→k (λ), f→k (µ)), δ∗(λ, µ) ≥ δ∗k(f→k (λ), f→k (µ)) each f→k is
(
(δ, δ∗), (δk, δ∗k)
)
-double fuzzy
proximally continuous. On the other hand, let (f −1(δ), f −1(δ∗)) be a double fuzzy quasi-proximity on X such that each
f→k is
(
(f −1(δ), f −1(δ∗)), (δk, δ∗k)
)
-double fuzzy proximally continuous and assume that δ(λ, µ) < r and δ∗(λ, µ) > s.
There are λ1, λ2, . . . ., λn,µ1, µ2, . . . , µm such that λ =∨ni=1 λi, µ =∨µmj=1 and for each pair (i, j) there exists k = k(i, j)
such that
δk(f→k (λi), f
→
k (µj)) < r, δ
∗
k(f→k (λi), f
→
k (µj)) > s.
Now
f −1(δ)(λ, µ) ≤
∨
i,j
f −1(δ)(λi, µj),
f −1(δ∗)(λ, µ) ≥
∧
i,j
f −1(δ∗)(λi, µj).
For each pair (i, j) and k = k(i, j), we have
f −1(δ)(λi, µj) ≤ δ(f→k (λi), f→k (µj)) < r,
f −1(δ∗)(λi, µj) ≥ δ∗(f→k (λi), f→k (µj)) > s
and so f −1(δ)(λ, µ) ≤ r , f −1(δ∗)(λ, µ) ≥ s. Thus f −1(δ)(λ, µ) ≤ δ(λ, µ) and f −1(δ∗)(λ, µ) ≥ δ∗(λ, µ).
(3) The condition is necessary since a composition of double fuzzy proximally continuous functions is double fuzzy
proximally continuous.
Conversely, suppose that the condition is satisfied. We need to show that δ1(λ, µ) ≤ δ(f→(λ), f→(µ)), δ∗1(λ, µ) ≥
δ∗(f→(λ), f→(µ)) for each λ,µ ∈ IY . So, assume that δ(f→(λ), f→(µ)) < r and δ∗(f→(λ), f→(µ)) > s. There are fuzzy
subsets γ1, γ2, . . . , γn, ξ1, ξ2, . . . ξm of X; f→(λ) = ∨ni=1 γi, f→(µ) = ∨mj=1 ξj such that, for each pair (i, j), there exists
k = k(i, j) in K with δk(f→k (γi), f→k (ξj)) < r , δ∗k(f→k (γi), f→k (ξj)) > s. Let λi = f←(γi), µi = f←(ξj). Since λ ≤
∨n
i=1 λi,
µ ≤∨mj=1 µj, we have
δ1(λ, µ) ≤ δ1
(
n∨
i=1
λi,
m∨
j=1
µj
)
≤
∨
i,j
δ1(λi, µj)
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and
δ∗1(λ, µ) ≥ δ∗1
(
n∨
i=1
λi,
m∨
j=1
µj
)
≥
∧
i,j
δ∗1(λi, µj).
For each pair (i, j) and k = k(i, j), we have
δ1(λi, µj) ≤ δk(f→k ◦ f→(λi), f→k ◦ f→(µj)) ≤ δk(f→k (γi), f→k (ξj)) < r
and
δ∗1(λi, µj) ≥ δ∗k(f→k ◦ f→(λi), f→k ◦ f→(µj)) ≤ δ∗k(f→k (γi), f→k (ξj)) > s,
and hence δ1(λ, µ) < r , δ∗1(λ, µ) > s. This proves that δ1(λ, µ) ≤ δ(f→(λ), f→(µ)), δ∗1(λ, µ) ≥ δ∗(f→(λ), f→(µ)) and
so f→ is
(
(δ1, δ
∗
1), (δ, δ
∗)
)
-double fuzzy proximally continuous.
(4) Let (T , T ∗) = (Tδ, Tδ∗) and (Tk, T ∗k) = (Tδk , Tδ∗k). Since f→k is ((δ, δ∗), (δk, δ∗k))-double fuzzy proximally continuous,
it follows that f→k is ((T , T ∗), (Tk, T ∗k))-double continuous and so f −1(Tk) ≤ T and f −1(T ∗k) ≥ T ∗. Thus, for T ? =∨
k f
←
k (Tk) and T
∗? =∧k f←k (T ∗k), we have T ? ≤ T , T ∗? ≥ T ∗.
To prove that T ≤ T ? and T ∗ ≥ T ∗?, it suffices to show that NT (λ, x) ≤ NT ?(λ, x) and NT ∗(λ, x) ≥ NT ∗?(λ, x) for
all x ∈ X , λ ∈ IX . So, assume that NT (λ, x) > r , NT ∗(λ, x) < s. By Theorems 3.5 and 3.1, we have that δ(1x, λ′) < r ′ and
δ∗(1x, λ′) > s′. Thus there are µ1, µ2, . . . , µn, with λ′ =∨ni=1 µi, such that for each i there exists k = ki ∈ K with
δk(f→k (1x), f
→
k (µi)) < r
′ and δ∗k(f→k (1x), f
→
k (µi)) > s
′
and so N(f→k (µ
′
i), fk(x)) > r and N
∗(f→k (µ
′
i), fk(x)) > s.
Now γi = f←k (f→k (µi)′) = f←k (f→k (µi))′ ≤ µ′i . Since T ? ≥ f −1k (Tk) and T ∗? ≤ f −1k (T ∗k), we have that NT ?(γi, x) ≥
N f
−1(Tk)(γi, x) > r and NT
∗?
(γi, x) ≤ N f−1(T ∗k)(γi, x) < s. Now ∧i γi ≤ ∧i µ′i = λ and hence
NT
?
(λ, x) ≥ NT ?
(∧
i
γi, x
)
≥
∧
i
NT
?
(γi, x) > r,
NT
∗?
(λ, x) ≤ NT ∗?
(∧
i
γi, x
)
≤
∨
i
NT
∗?
(γi, x) < s.
This proves that NT
?
(λ, x) ≥ NT (λ, x), NT ∗?(λ, x) ≤ NT ∗(λ, x) and hence (T ?, T ∗?) is finer than (T , T ∗), which com-
pletes the proof.
(5) Trivial. 
Corollary 5.3. Let {(δk, δ∗k)}k∈K be a family of double fuzzy quasi-proximities on X and define δ, δ∗ : IX × IX → I by
δ(λ, µ) =
∧{∨
i,j
∧
k∈K
δk(λi, µj)
}
,
δ∗(λ, µ) =
∨{∧
i,j
∨
k∈K
δ∗k(λi, µj)
}
where the infimum is taken over all finite collections {λi}, {µj} of fuzzy subsets of X, with λ =∨ni=1 λi, µ =∨mj=1 µj. Then:
(1) (δ, δ∗) is a double fuzzy quasi-proximity on X. If each (δk, δ∗k) is a double fuzzy proximity, so is (δ, δ∗).
(2) (δ, δ∗) is the weakest of all double fuzzy quasi-proximities on X, which is finer than each (δk, δ∗k).
(3) Amapping f→ : (X, δ1, δ∗1)→ (X, δ, δ∗) is double fuzzy proximally continuous iff f→k is
(
(δ1, δ
∗
1), (δk, δ
∗
k)
)
-double fuzzy
proximally continuous for all k ∈ K .
(4) (T , T ∗) coincides with the weakest double fuzzy topology on X finer than each (Tδk , Tδ∗k).
LetDFpp be denote the category of double fuzzy preproximity spaceswith double fuzzy proximally continuous functions
between these spaces as morphisms. As a consequence of the previous corollary, we state the following theorem:
Theorem 5.4. The concrete category of DFpp is a topological category over Set, and hence a topological construct.
Definition 5.1. Let {(Xk, δk, δ∗k)}k∈K be a family of double fuzzy quasi-proximity spaces, X = ⊗Xk and pik : X → Xk the
kth projection. The product double fuzzy quasi-proximity on X is the weakest double fuzzy quasi-proximity on X for which
each pik is double fuzzy proximally continuous. We denote it by⊗δ = (⊗δk,⊗δ∗k).
Theorem 5.5. Let {(Xk, δk, δ∗k)}k∈K and X be as above and let (δ, δ∗) = (⊗δk,⊗δ∗k). Then:
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(1)
δ(λ, µ) =
∧{∨
i,j
∧
k∈K
δk(pik(λi), pik(µj))
}
and
δ∗(λ, µ) =
∨{∧
i,j
∨
k∈K
δ∗k(pik(λi), pik(µj))
}
,
where the infimum is taken over all finite families {λi}, {µj} of fuzzy subsets of X with λ = ∨ni=1 λi, µ = ∨mj=1 µj.
(2) If (Y , δ1, δ∗1) is a double fuzzy quasi-proximity space and f→ : (Y , δ1, δ∗1)→ (X, δ, δ∗), then f→ is double fuzzy proximally
continuous iff each composition pik ◦ f→ is a double fuzzy proximally continuous.
(3) If each (δk, δ∗k) is a double fuzzy proximity, so is (δ, δ∗).
(4) (Tδ, Tδ∗) = (⊗Tδk ,⊗Tδ∗k).
Theorem 5.6. Let {(Xk, δk, δ∗k)}k∈K be a family of double fuzzy quasi-proximity spaces. Let fk : X → Xk be amap for each k ∈ K.
Let (δ, δ∗) be the initial double fuzzy quasi-proximity on X for which each f→k is double fuzzy proximally continuous. Then:
(1) Cδ,δ∗ = C, where C is the initial double fuzzy closure operator on X for which each f→k : (X, C)→ (X, Cδk,δ∗k) is a DC-map.
(2) (TCδ,δ∗ , T
∗
Cδ,δ∗ ) = (TC , T ∗C ), where (TC , T ∗C ) is the initial double fuzzy topology on X for which f→k : (X, TC , T ∗C ) →
(X, TCδk,δ∗k , T
∗
Cδk,δ∗k ) is double fuzzy continuous.
Proof. (1) Since f→k : (X, δ, δ∗)→ (Xk, δk, δ∗k) is double fuzzy proximally continuous for each k ∈ K , by Theorem 2.6, then
f→k : (X, Cδ,δ∗)→ (Xk, Cδk,δ∗k) is a DC-map. Therefore, by Theorem 2.3, the identity idX : (X, Cδ,δ∗)→ (X, C) is a DC-map.
Hence we have Cδ,δ∗(λ, r, s) ≤ C(λ, r, s) for each λ ∈ IX , r ∈ I0 and s ∈ I1.
Conversely, by Theorem 2.4, for δ(ν, λ) < r ′, δ∗(ν, λ) > s′, there are finite families {νi}, {λj} with ν = ∨i νni=1,
λ =∨j λmj=1 satisfying the following condition: for all (i, j), there exists k = k(i, j) ∈ K such that
δk(f→k (νi), f
→
k (λj)) < r
′,
δ∗k(f→k (νi), f
→
k (λj)) > s
′.
Hence
Cδk,δ∗k(f
→
k (λj), r, s) ≤ f→k (νi)′.
For fixed j, we have∧
k∈K
f←k (Ck(f
→
k (λj), r, s)) ≤
q∧
l=1
f←l (Cδl,δ∗1(f
→
l (λj), r, s)) ≤
q∧
l=1
f←l (f
→
l (νi)
′)
=
q∧
l=1
(f←l f
→
l (νi))
′ ≤
q∧
l=1
ν ′i = ν ′i .
It follows, by the definition of C , Theorem 2.3, that
C(λ, r, s) =
∧{∨(∧
k∈K
f←k (Ck(f
→
k (λj), r, s))
)}
≤
∧{∨
ν ′
}
= ν ′.
Here the first
∧
is taken for every finite family {λj}; λ =∨mj=1 λj. Hence C(λ, r, s) ≤ Cδ,δ∗(λ, r, s).
(2) It is direct consequence from (1) and Theorem 2.6. 
6. Conclusion
Kim et al. [14] introduced the relationship between L-fuzzy preproximity and L-fuzzy topology. Being principal was
necessary for this to be true. In this paper, we introduced and characterized double neighborhood systems. This notion
gave us the ability to define a new relationship with double fuzzy preproximity and hence to define double fuzzy topology
without Kim’s restriction.Moreover, the relation between initial double fuzzy topology and initial double fuzzy preproximity
was studied with some help from double neighborhood systems.
The category DFpp is a topological category over Set, which means that it essentially behaves (relative to its ground)
and inherits many nice properties and structures from the ground category Set. Since the category Set is complete and co-
complete and Epi, an extremal Mono-source category and has separators and co-separators, etc, then the category DFpp is
complete and co-complete and Epi, an extremal Mono-source category and has separators and co-separators, etc.
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